Abstract-Synchrophasor deployment costs have evolved over time. The cost of upgrading a substation, which is much larger than the cost of an individual device, has emerged as the primary constituent of the total expenditure. Given these circumstances, the optimal phasor measurement unit placement formulation needs to consider not only the number of devices that must be placed at the substations, but also the number of substations that must be upgraded to support those devices. This paper presents an integer linear programming methodology for such a placement scheme while considering realistic costs and practical constraints. The IEEE 30 bus system is used to illustrate the proposed concept, while the IEEE 118, IEEE 300, and Polish 2383 bus systems are used to show the performance of the method under different test environments.
I. INTRODUCTION

P
HASOR measurement unit (PMU) based state estimation was proposed for the first time in 1985-1986 [1] . Since then a great deal of research has been carried out to develop efficient state estimation algorithms (hybrid/linear) [2] - [5] and compute optimal locations for placing PMU devices in the grid. The latter studies were considered to be mostly "theoretical" or "academic" until, courtesy of Federal funding, many utilities began placing these devices in bulk in their networks [6] . While doing so, they realized that factors other than the price of the device itself were primarily responsible for the high cost of synchrophasor deployment. These factors included communication infrastructure costs, security (cybersecurity) costs, and labor costs [7] . Under such circumstances, it became essential to reexamine the formulation of the optimal PMU placement (OPP) problem.
In the traditional formulation, the goal is to find the minimum number of PMU devices that, when placed in the power network, ensures the attainment of some pre-defined objective(s).
Over the past two decades, extensive research has been done to solve this problem. The popular techniques that have been employed for achieving optimal results include simulated annealing, integer programming, exhaustive search, weighted least squares (WLS), Tabu search, (immunity) genetic algorithm, particle swarm optimization, etc. For the purposes of brevity, the following literature survey is limited to some of the archival papers that have been published recently. For a more detailed description of PMU placement methodologies, [8] and [9] are suggested.
In [10] , PMU deployment was approached based on a state estimation theoretic criterion. The optimization was performed via convex relaxation and semidefinite programming. In [11] , constraints such as transmission line outages and measurement channel limitations were incorporated into the OPP problem formulation through an integer linear programming (ILP) model. ILP was also used in [12] and [13] for solving the OPP problem under controlled islanding conditions and detecting bad data in a hybrid state estimator, respectively. An enumeration-based ILP was used in [14] for enhancing the reliability of subsequent PMU additions. A mixed-ILP based multi-objective probabilistic model for PMU placement was developed in [15] . Fuzzy logic was used in [16] for creating a PMU placement framework that enhances wide-area situational awareness. In [17] , PMU placement was done using a greedy algorithm for minimizing state estimation errors. The OPP problem was solved in [18] by maximizing the determinant of the empirical observability Gramian for performing robust dynamic state estimation. A WLS algorithm with continuous decision variables was used to solve the OPP problem in [19] , while sequential quadratic programming was used in [20] to attain the dual objectives of minimizing the total number of PMU devices and maximizing measurement redundancy of all buses.
Some inferences drawn on the basis of the above literature survey are summarized as follows: 1) ILP is the most popular choice for solving OPP problems [11] - [15] : The reason for this is that unlike meta-heuristic approaches, ILP always gives an optimal solution. Moreover, with powerful processors and efficient optimizers (such as Gurobi and CPLEX), even for large systems, the computational time required for finding the optimal locations for PMU placement is not substantial. 2) Transformer tap ratios are not taken into account [8] - [20] : The tap settings of the transformers are either assumed to be known or ignored altogether. 3) Most of the PMUs considered in the literature are of the "bus" type [10] - [20] : That is, when placed at a bus of the system, the PMU observes the voltage of that bus and some or all of the branch currents (depending on whether measurement channel limitations are considered or not) that emerge from that bus. 4) Those solutions that satisfy all pre-defined system constraints and require the least number of PMUs for doing so are considered the best solutions [10] - [20] : This is because the cost of the device is assumed to be the primary reason for not placing PMUs at all buses. In this paper, these inferences will be analyzed using realistic costs obtained from publicly available reports, as well as by considering trends in relaying technologies that are currently in vogue.
The rest of the paper is structured as follows. Section II describes through illustrations the need for a new PMU placement scheme. The mathematical formulation of the problem and the practical constraints that are handled by the proposed approach are described in Section III. The results obtained by applying this approach to standard IEEE systems as well as a 2383 bus Polish system are summarized in Section IV. Section V concludes the paper.
II. NEED FOR A NEW PMU PLACEMENT SCHEME As can be seen from the literature survey in Section I, the basic objective of any OPP scheme is observability. From a PMU placement perspective, observability is defined as the ability to measure, either directly or indirectly, some or all of the complex voltages (known as states) of a network. Topologically, a power network is a graph whose nodes are buses, one or more of which are placed inside a substation, and whose edges are transmission lines or transformers. However, topological observability is not the only criterion for a robust PMU placement scheme. Flows in a power system are governed by Kirchhoff's laws and a variety of transient and dynamic stability constraints must be satisfied for the power system to remain resilient to failures. A big challenge with respect to the resilience requirement is the successful integration of large-scale renewable energy sources (especially massive wind farms) with the high-voltage network. PMUs have been found to play important roles in these contexts as they provide real-time knowledge of the operation state [21] , [22] . Thus, these criteria must be incorporated while choosing locations for placing PMUs in the grid.
The second factor to be considered regarding PMU placement is that although voltages of the buses are meant to be observed, PMUs can only be placed in substations. A bus is a single node of the network having a particular voltage value, whereas a substation is a collection of one or more buses. When a PMU is placed at a substation, that substation has to often undergo disruption of its normal service in order to set up the communication and (cyber)-security infrastructures. Although utilities prefer doing these upgrades during scheduled outages of a substation or during the off-peak load period, this may not always be possible in a liberalized electricity market [23] . Similarly, a report published by the U.S. Department of Energy (DOE) stated that the cost of a new installation can be almost 20 times the cost of a PMU device [7] . Therefore, the cost of upgrading a substation is an important component of the synchrophasor installation cost and must be considered in the OPP formulation. In [24] , the task of placing bus-type PMUs was done substation-wise. However, the intent of that paper was to minimize the total number of PMU devices. As pointed in [7] and [23] , device cost is not a major portion of the PMU placement cost. Therefore, from a cost minimization perspective such a formulation is not optimal. Mishra et al. [25] also came to a similar conclusion. However, Mishra et al. [25] used binary particle swarm optimization for attaining its objectives which is not guaranteed to always give optimal solutions [11] , [12] , [26] .
The third factor that influences modern PMU placement is the availability of dual-use line relays (DULRs) acting as PMUs. Also called branch PMUs in some publications (see [27] , [28] ), they are designed to monitor a single edge by measuring the voltage and current phasors at one end of the monitored edge. Unlike traditional PMUs (TPMUs) which are stand-alone and whose single function is measuring synchrophasors, DULRs are transmission line and transformer protection relays (digital relays) that while performing their protection functions also report phasor data. The advantage of using DULRs is that by enabling synchrophasor functionality inside digital relays, additional substation panels are not required. This reduces the total cost and saves precious control house space. DULRs also provide added benefits such as uniform distribution in the network, adaptability to deployment in multiple stages, higher reliability, and time-tagged breaker statuses which are practically a necessity for linear state estimators [5] . Although Gomez et al. [27] highlighted the use of these devices for enhancing reliability of power networks, to the best of our knowledge no PMU placement model has exploited their use from a cost-reduction perspective.
To summarize, a new PMU placement scheme is needed to achieve the following objectives: 1) Different buses have different priorities [23] : Since some buses are more important than others from system stability/security perspectives, they must be given higher preference when placing PMUs. 2) Substations are different from buses: The new scheme must minimize the number of substations where PMUs are placed for observing all the buses of the network, while being subject to practical constraints. 3) DULRs are to be used for ensuring observability and redundancy: A DULR can measure voltage of both ends of an edge. Now, if one node has two incident edges, both of which have DULRs on either of their ends, then that node satisfies the N − 1 contingency criterion (which is the industry norm). It will be shown in the next section that the methodology developed here can provide N − t redundancy, where t ≥ 1. One way to attain these objectives is to treat substations as super-nodes and grouping buses that are inside a substation into a single node to find the optimal number of such super-nodes where PMUs should be placed. However, this approach will not ensure complete bus observability. This is explained through Fig. 1 , which shows a multi-level voltage system where circles indicate substations and colored dots represent buses. Considering the most general case, it is assumed that all buses/substations have non-zero injections and that the transformer tap settings between the different voltage levels inside a substation are not known. The latter implies that knowing the voltage of a colored dot inside a substation does not translate to knowing the voltage of a differently colored dot inside the same substation. An ILP formulation for only minimizing the number of circles (supernodes or substations) gives the optimal substation locations for PMUs as 1, 2, and 10. However, from the figure it becomes clear that the 500 kV bus in substation 7 is not observed by this solution. Hence, an OPP scheme whose goal is observability of all buses and minimization of number of substation installations cannot be formulated through super-node based observability alone.
Another approach might be to imagine the power network as being composed of a number of independent sub-networks each of which is comprised of buses that are at a particular voltage level. In that case, the example system depicted in Fig. 1 would consist of not one but three different networks-red, blue, and green, respectively. A possible solution obtained from an independent ILP formulation for each network is as follows: PMUs need to be placed on the red bus of substation 2; blue buses of substations 5, 7, and 11; and green buses of substations 1 and 2 for complete observability of the red, blue, and green networks, respectively. From this solution it becomes clear that if the sub-networks are treated as completely independent of one another, PMUs would need to be placed in five substations.
Considering the objectives outlined in this paper, an optimal solution for the system shown in Fig. 1 will be one where PMUs are placed in four substations, namely, 1, 2, 7 and 10. In terms of number and locations of DULRs, a possible solution set could be: Three DULRs at substation 1 monitoring edges 1-5, 1-6, and 1-11; three DULRs at substation 2 monitoring edges 2-1, 2-3, and 2-4; two DULRs at substation 7 monitoring edges 7-1, and 7-8; and two DULRs at substation 10 monitoring edge 10-5, and 10-9. A formulation which will give such a solution for practical power system networks is described in the next section.
III. MATHEMATICAL FORMULATION AND PRACTICAL CONSIDERATIONS
From Fig. 1 it is clear that maximizing bus observability and minimizing substation disruptions are conflicting objectives. The proposed methodology reconciles the two objectives through a cost-based formulation. It places DULRs on edges for observing all the buses while minimizing the total cost, which is the sum of the cost of disrupting substations and the cost of all DULRs placed.
A. Nomenclature Used
Let the power network be represented by an undirected graph G (V, E) where V is the set of nodes (buses) and E is the set of edges (transmission lines or transformers). Further, the node set V is partitioned into k ≥ 2 blocks B 1 , B 2 , . . . , B k , where each block represents a substation. Let r i denote
Since the tap ratios of the transformers are not known, there is no edge between any pair of nodes inside the same block. Thus, the nodes in each block form an independent set, thereby implying that G is a k-partite graph. Now, each node of V will be denoted by a pair of integers (x, y) where x ∈ {1, 2, . . . , k} is the block number and y ∈ {1, 2, . . . , r x } is an index number within block B x . Next, a lexicographic ordering amongst the nodes is introduced. That is, given two nodes v 1 = (x 1 , y 1 ) and v 2 = (x 2 , y 2 ) from two different blocks B x 1 and B x 2 , we define
Each edge e = {v 1 , v 2 } ∈ E joins two nodes v 1 = (x 1 , y 1 ) and v 2 = (x 2 , y 2 ) from two different blocks. When specifying an edge e as {v 1 , v 2 }, it will be assumed that v 1 ≺ v 2 ; thus, v 1 and v 2 can be referred to as the low end and the high end of edge e, respectively.
For any node v ∈ V, the neighborhood of v, denoted by N v , contains the node v itself and all nodes that are adjacent to v. As a simple extension of this definition, the neighborhood of a set of nodes X, denoted by N X , is defined by N X = ∪ v∈X N v . Also, a DULR must be placed at either end of an edge. When a DULR is placed on an edge e = {v 1 , v 2 }, it can observe both the nodes v 1 and v 2 . If it is placed on the v 1 = (x 1 , y 1 ) end, which is the low end of e, then the block x 1 must be disrupted. Likewise, if it is placed on the v 2 = (x 2 , y 2 ) end, which is the high end of e, then the block x 2 must be disrupted. Finally, let c i be the cost of disrupting block B i for 1 ≤ i ≤ k and let Δ denote the cost of each DULR. A formulation based on the above terminology is described below.
B. Basic DULR Placement Problem (DULRPP)
The basic version of DULRPP assumes that the given system does not have any traditional bus PMU or DULR already installed. Its goal is to place DULRs on some of the edges so that the following conditions are satisfied: (a) all the nodes are observed; and (b) the total cost, which is the sum of the cost of disrupting substations and the cost of the DULRs added, is minimized. An ILP-based formulation of this problem is developed as follows.
For each substation B i for 1 ≤ i ≤ k, there is a {0, 1} valued variable y i such that
For each edge e, there are two {0, 1} valued variables w l e and w h e such that 
Three sets of constraints that must be imposed on the variables used in this basic objective function are defined as follows. For any node v, let L v denote the set of edges incident on v such that for each edge in L v , v is the low end of that edge. Similarly, for any node v, let H v denote the set of edges incident on v such that for each edge in H v , v is the high end of that edge. 
Eq. (5) ensures that each node v is observed by placing a DULR on at least one of the edges incident on v.
For each node v = (i, j) and each edge e ∈ L v
Eq. (6) ensures that if a DULR is placed on an edge for which v = (i, j) is the low end, then B i must be disrupted.
Similarly, for each node v = (i, j) and each edge e ∈ H v
Eq. (7) ensures that if a DULR is placed on an edge for which v = (i, j) is the high end, then B i must be disrupted. This completes the formulation of the basic DULRPP. Similar to the traditional OPP problem, DULRPP is also NP-complete and this is proved in the Appendix.
C. Additional Constraints
Practical constraints that can be further imposed on the proposed objective function are as follows:
1) Redundancy to critical buses: Measurement redundancy under N − 1 contingency has been a common theme in many papers on PMU placement ( [12] , [15] , [20] , [23] , etc.). However, a closer inspection of the results reveals that a large number of substations (>50%) must be disrupted in order to provide redundancy to all phasor measurements. A more practical scheme is to provide redundancy in measurements for only the most important buses of the system. A methodology to identify such critical buses has already been proposed in [29] . To provide redundancy in measurement for only the critical buses of the network, the proposed formulation is modified in the following way. When a DULR on an edge e fails, it cannot observe any end point of e. Consider a given set C ⊆ V of critical buses and an integer t ≥ 1 that represents the maximum number of DULRs that may fail. Then, the goal is to ensure that each bus v ∈ C is observed by at least one DULR even when any subset of t or fewer DULRs fail. Since the failures can be due to the device itself and/or outage of the line on which the DULR is placed, this constraint ensures observability under N − t contingency. In the proposed ILP formulation, this requirement is accommodated by ensuring that each critical bus is observed by at least t + 1 DULRs. This is done by replacing the constraint specified by (5) with the one given in
2) Handling of prohibited substations: In the field, there exist some substations where installations cannot be made in the planning horizon established for synchrophasor placement. This is a practical constraint and is addressed as follows: Suppose S ⊆ {B 1 , B 2 , . . . , B k } is the set of substations that cannot be disrupted. Then, for each substation B i ∈ S, the constraint y i = 0 must be added to the ILP formulation described in (4)-(7). 3) Handling of existing PMUs: Similar to Item 2 above, there might be some substations where PMUs may already be present. Such existing PMU locations can be integrated into the proposed formulation in the following manner. Let P ⊆ V be the set of nodes at which PMUs have already been placed. Also, let the PMU placed at the ith node of P observe the nodes in M i where M i ⊆ N i . Then, the placement of DULRs needs to observe only the nodes in V − M P , where
In (9), it is assumed that the union operator eliminates duplicate entries. Therefore, to account for P, the constraint specified by (5) needs to only be applied to each node v ∈ V − M P . 4) Handling unknown transformer tap ratios: The tapsettings of transformers are not known in real-life. If not considered in the PMU placement formulation, the unknown tap ratios may reduce the accuracy of the resulting state estimates [30] , [31] . The proposed formulation accounts for unknown tap ratios in the following manner: a) At the start of the optimization, any edge that joins two nodes (buses) inside a block (substation) is eliminated. b) If the elimination of edges causes a node to be disconnected from the rest of the system, then that disconnected node is placed inside a dummy block and is connected to the same node c) DULR-based observability of the multi-partite graph is computed next. When a DULR is placed at the end of a line joining a dummy block to a real block, the cost of the DULR and the cost of disrupting the real block are retained but the cost of disrupting the dummy block is ignored. The solution obtained by following this methodology ensures that buses located at either end of a transformer are observed by different DULRs. Therefore, even if the transformer tap ratios are not known, voltages of all the buses of the network can be accurately estimated.
5) Presence of zero-injection (ZI) buses:
Practical power system networks have ZI buses. These are buses through which power neither enters nor leaves the system. Many papers on OPP have exploited the presence of ZI buses for reducing the total number of PMUs required ( [12] , [15] , [32] , etc.). However, with unknown tap ratios, treating all ZI buses in the same way can lead to scenarios where topological observability does not guarantee numerical observability [33] . An example of such a scenario is shown in Fig. 2 . In Fig. 2 , solid circles denote buses, dotted circles/ovals denote substations, numbers refer to bus numbers, letters A to G refer to substations, arrows depict injections, and solid rectangles depict DULRs. From the figure it becomes clear that buses 2 and 6 are ZI buses while the other buses have non-zero injections. Buses 6 and 8 inside substation F are at different voltage levels (indicated by the colors red and blue) and have a transformer between them whose tap ratio is unknown. In Fig. 2(a) , the voltage of bus 4 can be estimated using the DULRs located on edge 1-2 and 3-2. In Fig. 2(b) , due to the presence of a transformer between buses 6 and 8, the DULRs placed at 5-6 and 7-6 will not be able to estimate the voltage of bus 8. Since a purely topological approach does not differentiate between transformers and transmission lines, it cannot account for this failure in estimation. The proposed approach addresses this concern in the following manner. Let TZI denote the set of all ZI buses present in the system. To construct observability constraints, it is necessary to consider a subset of TZI, denoted by PZI. A formal definition of PZI is as follows. PZI = {x : x ∈ TZI and for every y ∈ N x , x and y are at the same voltage level}. For convenience, we refer to the condition specified in the above definition of PZI as the iso-voltage zero injection bus(IvZIB) condition. Thus, all elements of PZI must satisfy the IvZIB condition. Once PZI is formed, the methodology proposed in [34] can be extended to the DULRPP for reformulating (5) for buses belonging to PZI as shown below.
Let |PZI| = k. Depending on the value of k, we explain below how to construct a set R of objects from which all the observability constraints can be generated.
For k = 1: Let i be the single element of PZI and N i be the neighborhood of i. For each pair of elements p and q in N i , R contains the 2-element set {p, q}.
For k ≥ 2: Let i and j be two elements of PZI. Define N i and N j as the neighborhoods of i and j, respectively. Note that N i and N j may have elements in common. Let N i,j = N i ∩ N j , that is, N i,j is the set of elements that occur in both N i and N j . Let N i = N i − N i,j , that is, N i is the set of elements that are in N i but not in N j . Similarly, define N j = N j − N i,j . Construct R i,j as follows: a) For each pair of elements p and q in N i , add the 2-element set {p, q} to R i,j . b) For each pair of elements p and q in N j , add the 2-element set {p, q} to R i,j . c) For each pair of elements p and q in N i,j , add the 2-element set {p, q} to R i,j . d) Construct the cross-product set
It is to be noted that Q i,j contains all triples (p, q, r) such thatp ∈ N i , q ∈ N j andr ∈ N i,j . For each triple (p, q, r) ∈ Q i,j , add the 3-element set {p, q, r} to R i,j . For the elements i and j of PZI, every 2-element or 3-element set in R i,j leads to an observability constraint. Now, consider each pair of elements i and j in PZI and generate the set R i,j for that pair using steps a-d given above. The collection R from which observability constraints can be generated for all the k ≥ 2 elements of PZI is given by
In (11), it is assumed that the union operator eliminates duplicate entries. Finally, for every 2-element set {p, q} and 3-element set {p, q, r} in R, the modified observability constraints are given in 
6) Absence of measurement channel limitation: As each DULR only monitors one edge, the problem of measurement channel limitation does not arise.
IV. SIMULATION AND RESULTS
A. Realistic Costs
One of the salient points of this paper is that realistic costs have been considered in specifying the cost objective. Federal agencies such as DOE have collected data on how their investment has been used by different utilities in purchasing equipment and upgrading infrastructure. Reports published by these agencies [6] , [7] highlight the following facts:
1) The median cost for installing a single PMU at a new substation was approximately USD43 400. This cost was comprised of the cost of the device itself as well as design and engineering costs, labor and material costs for installation/construction, and overhead [6] . 2) There were no economies of scale; that is, projects installing a greater number of PMUs did not have lower average costs per device [6] .
3) The key drivers of the cost of PMU installations in decreasing order of cost, were: communication, security (mission-critical systems and mission-support systems), labor (specialized crew or decentralized crews) and cost of equipment (that is, PMU hardware cost) [7] . 4) PMU hardware cost was less than 5% of the total cost for the installed synchrophasor system. The cost of a phasor data concentrator (PDC) was found to be higher than that of a PMU but much less than the cost of the other drivers mentioned in Item 3 above [7] . 5) Once the other infrastructures were in place, the cost of adding more PMUs to a substation was miniscule. Similarly, the cost of ancillary equipment such as global positioning system (GPS) clocks, network switches and routers, etc., were found to be low relative to the cost of upgrading substations [7] . Taking these facts into consideration, for the study done here, the following costs were associated with the different components of a synchrophasor installation: 1) Cost of disrupting a substation = USD 40 000.
2) Cost of a single DULR device = USD 2000.
3) Cost of a single PDC device = USD 8000 [35] , [36] . Fig. 3 shows the typical design of a substation synchrophasor architecture that is the basis of the proposed study. TPMUs (if present) are assumed to already be in place (shown by dotted black lines). The proposed formulation is designed to add more DULRs to the substations to provide the desired number of phasor measurements required for complete observability. A stand-alone PDC is located at every substation where a PMU is placed. Some researchers have suggested optimizing the locations of PDCs to reduce the cost of communication infrastructure [37] - [39] . However, the stand-alone PDC serves two purposes: (a) the synchrophasor system becomes independent of (equip- 
B. IEEE 30 Bus System
The IEEE 30 bus system was modified by grouping buses into substations. This was done using the rule that buses which were connected by transformers belonged to the same substation. The remaining buses which were not connected to any transformer formed their own independent substations. As such, the IEEE 30 bus system became a 26-substation system as seen in Fig. 4 . In Fig. 4 , the black circle/ovals denote substations where buses of different voltage levels are present, while the colors red, blue, and green denote the respective voltage networks.
The PMU placement results for basic observability of this system are shown in Table I . For creating this table, ZI buses were treated as normal buses. When specified numerically, entries i − j in the third column imply that the PMUs monitor i end of line i − j, where i and j are bus numbers. The results for [28] and the proposed approach were obtained using DULRs. The number of DULRs required was equal to the number of lines monitored. The results for [12] , [37] , [40] - [43] were obtained using TPMUs. When a TPMU was placed on a bus and the lines monitored by it were not mentioned, then all the lines that emerged from that bus were assumed to be observed by that TPMU. That is, unless stated explicitly, measurement channel limitation of TPMUs was not considered. The cost of monitoring a line using TPMU was set equal to the cost of a DULR device. Also, PDCs were assumed to be placed at those substations where PMUs were placed. In the next set of simulations, the following constraints are added to the optimization: (a) Substation 21 is unsuitable for synchrophasor deployment; (b) Buses 8 and 13 are critical for system stability purposes and need N − 1 redundancy; and (c) Bus 30 has a TPMU on it which monitors its voltage as well as the currents that flow in lines 30-27 and 30-29. Section III-C explains how the proposed methodology handles these practical constraints. The results are shown in Fig. 4 , where the thick black lines indicate buses observed by the TPMU at bus 30. The abbreviations CRIT BUS and PROH SUB denote critical bus and prohibited substation, respectively. The colored blue dots indicate locations where DULRs must be added. From the figure it becomes clear that all buses are observed by the combination of the TPMU at bus 30 and the 19 DULRs that were added in 8 substations (S2, S4, S6, S8, S10, S16, S20, and S22). Moreover, no DULR is placed at the prohibited substation (S21) while the critical buses (8 and 13) are observed by independent DULRs. 
C. Application to Large Systems
The proposed approach was next applied to IEEE 118 bus, IEEE 300 bus, and Polish 2383 bus systems. The data for the test systems was obtained from MATPOWER [44] toolbox of MAT-LAB [45] . The ILP optimization was performed using GUROBI [46] . The computations were performed on an Intel (R) Core i7 Processor having a speed of 2.60 GHz and an installed memory (RAM) of 16 GB. By combining buses into substations (based on the locations of the transformers), the three test systems became a 107-substation, a 184-substation, and a 2215-substation system, respectively [47] . The results obtained by comparing the proposed approach with other techniques is shown in Table II. The comparison was made while treating ZI buses as normal buses. Also, unless specified otherwise, all the lines that emerged out of the bus where the TPMU was placed were assumed to be observed by it. Finally, the number of PDCs were assumed to be equal to the number of disrupted substations. From the table it becomes clear that minimizing the number of buses where PMUs must be placed does not result in a significant decrease in cost of synchrophasor deployment. However, by reducing the number of substations where installations must be made, the overall cost can be substantially reduced. Furthermore, among the compared techniques, the proposed approach is the only one that ensures system observability when the tap ratios are not known. Therefore, given that no single technique can be universally superior to all others, the proposed approach does provide unique techno-economic benefits.
In the next set of simulations, the highest voltage networks of the three test systems were assumed to be critical, requiring N − 1 redundancy. This is a valid assumption because utilities tend to initially place PMUs on their highest voltage level buses [49] , [50] . The number of high-voltage buses in the three test systems are 11, 14 and 50, respectively [44] , [45] . Table III compares the results obtained using the proposed method and the technique developed in [29] . The number of PDCs required were assumed to be equal to the number of substations disrupted. From Table III it becomes clear that the proposed method is able to achieve the desired objective for all the three test systems at a lower total cost. A comparison of Tables II and III shows that the proposed approach is able to guarantee real-time protection of the critical portions of the system with only a slight increase in total investment.
In the simulations done so far, all buses were assumed to have non-zero injections. However, ZI buses do exist in real systems. In order to account for their presence, those ZI buses of the three large test systems which satisfied the IvZIB condition described in Section III-C point 5 were treated as ZI buses, and the optimizations described in Tables II and III were repeated. The results obtained are shown in Table IV . From the table it is realized that when properly handled, ZI buses can significantly reduce the cost of synchrophasor deployment without compromising the accuracy of state observability. Table IV also gives the CPU time required for performing the optimizations based on the proposed approach.
V. CONCLUSION
Now that PMUs are being added in bulk in power networks, new formulations of the OPP problem must be considered. Due to the emergence of DULRs, the device cost is no longer the primary impediment to synchrophasor deployment. Moreover, it is neither necessary nor practical to place these devices at all available locations. Keeping this in mind, this paper proposes an ILP-based DULR placement scheme that minimizes overall cost while ensuring adequate redundancy under device failures and/or line outages to the most critical assets. The novelty of this paper lies in using a realistic cost objective that considers both the cost of disrupting substations and the cost of DULRs. Thus, communication infrastructure cost, (cyber)-security infrastructure cost, labor cost, as well as device cost are simultaneously optimized. At the same time, practical constraints imposed on the basic objective (of observability) ensure that the results obtained have real-world applications. Therefore, the proposed scheme provides an optimal techno-economic balance to the OPP problem.
APPENDIX
Let Γ denote the total cost budget for DULRPP. Thus, the goal of DULRPP is to place DULRs for complete observability while ensuring the total cost is ≤ Γ. Before we establish the complexity of DULRPP, we provide a necessary graph theoretic definition. Given an undirected graph H (V H , E H ), a dominating set of H is a subset V ⊆ V H of nodes such that every node v ∈ V H − V is adjacent to some node w ∈ V ; that is, the edge {v, w} is in E H . In such a case, we say that v is dominated by w. A dominating set of minimum cardinality is called a minimum dominating set (MDS). It is well known that any dominating set V of a connected undirected graph H can be modified without increasing |V | so that each node w ∈ V has an edge to at least one node v ∈ V H − V .
Theorem 1: DULRPP is NP-complete. Proof: It is easy to see that DULRPP is in NP, since one can guess a placement of DULRs and verify efficiently that it provides full observability and that its cost is at most Γ.
We establish the NP-hardness of DULRPP through a reduction from the MDS problem defined as follows: given a connected undirected graph H (V H , E H ) and an integer Q ≤ |V H |, does H have a dominating set of size at most Q? MDS is known to be NP-complete [51] .
Given an instance of the MDS problem consisting of the graph H (V H , E H ) and integer Q, we construct an instance of DULRPP as follows. Let |V H | = n and |E H | = m. The graph G (V, E) of the DULRPP instance is identical to H; that is V = V H and E = E H . Further, each node of V is a block by itself; that is, there are n = |V| blocks. The cost c i of disrupting any block is chosen as m + 1 where 1 ≤ i ≤ n. The cost of each DULR is chosen as 1. The cost budget Γ is chosen as Q (m + 1) + m. This completes the construction. We now prove that there is a solution to DULRPP if and only if there is a solution to the MDS problem.
Suppose H has a dominating set V with |V | ≤ Q. As stated earlier, we may assume that each node of V has an edge to at least one node of V − V . We choose the nodes of V as the substations to be disrupted. We place a DULR on each edge {w, v} that joins a node w ∈ V to a node v ∈ V − V . This DULR is placed at the end corresponding to w (since w ∈ V is a substation that will be disrupted). Using the facts (a) V is a dominating set, (b) each node w ∈ V has an edge to at least one node in V − V and, (c) number of DULRs placed is at most m (the number of edges in G); it is easy to verify that this DULR placement observes all the nodes and the total cost is at most Γ. In other words, there is a solution to DULRPP.
For the converse, suppose there is a solution to DULRPP. In this solution, if Q + 1 or more substations are disrupted, then the total cost will be at least (Q + 1) (m + 1), which exceeds the budget Γ = Q (m + 1). Hence, the number of substations disrupted is at most Q. Let V be set of substations that are disrupted. Using the fact that we have a valid DULR placement, it is easy to verify that V forms a dominating set for G. Further, since |V | ≤ Q, we have a solution to MDS, and this completes the proof.
